
3HAYEHHB Y3JIOB H BECOB KBA~PATWHbIX WPMYJI 
T H U  rAYCGA - MAPEEQBB HJIa CQEPbI OT 9 -r0  A0 17-r0 
MbPR&KA TO.WIOCTJ4, EE&BAPP[AHTHMX OTHQCHTE,J&HO 

I'PS?IIIM OETAByJ'A C HHBEPCmEn 

T O ~ H O  mwerppy-x Bce nrn~ei iw~e K O M ~ H H ~ U H H  c@ep~sec~mx ~ j j y ~ ~ q n i i  
Y* AO nopRAKa IZ BKxmmTenbHo, rAe 9GnG17. I3 KsaApaType (1) HgdeeM 
SES, ds -3newea~ nsromaq nmpxnocTm S, Ni<3. Y ~ A ~ I  a?, b,k, ~~'€5' HMemT 
CJIeAyEoII(Hl? KOOPAHHaTbI: 
a,': (O,0,*1)-(0,*1,O), ( z k l , O , O )  [ai ' --mpmn~~aQ); 
a:: (&2- I " ,  *2-'", O ) ,  (+2-", 0, &2-+), (0, &2-Ih, &2-Ih), r ~ e  2-Ik= 

=0.707106781187 ( ~ ~ H T ~ ~ J I ~ H M P I  @ O ~ K ~ Z ~ H  0,' Ha a COBnaJ@K!! C Ce- 
penmaaMm pe6ep 8) ; 

a?: (*3-'", *3-'", -+3-") , rAe 3-'"=0.577350269190 ( q e ~ ~ p a n b ~ ~ e  npoex- 
I(HH Ha COBIIaAaIoT C qeHTpaMH rpaal?fi 62) ; 

b,B: (f lR, -tik, +mk), (f lk, f mk, f lkj, (f m, f lk, *lk), me i!k=2-'" (1-mk2) '' 
(qe~TpaJIb~b1e IIpOeKqEH b t  H a  J E X i t P  H a  BbICOTaX I?pa~l?ii[ 5 2 ) ;  

Gi: (*pr, *qi, O), (*PI, 0, *qi), (0, *Pi, +9i), (f6, *pi, 01, (f4i, 0, *pi), 
(0, +q,, +pi), rAe qi=(l-plZ)" ( q e ~ ~ p a n b ~ b x e  npoemarxi cii Ha Q ne- 
xaT Ha pe6pax 8). 

~ H C J I O  cJIaraeMbIx B (1) s ~ 6 p a a o  TaKHM, 9106~1 &ecIIe¶Ei~b 110Jry9eH138 
UBi3ApaTyp AD 17-1-0 a~1re6paasec~oro llOpJX@G3 T04HOCTH, HHBaPHaHTHbIX OTHO- 
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CHTeJIbHO QyIIXCH OKTa3flpa C H ~ ~ e p c ~ 4 3 f  Gs*. K ~ ¶ ~ G T B O  KBaApaTyp MOHCHO 

oqemsam ~ e n r n ~ ~ o i i  q = (n+ 1) / ( 3 N ) ,  rAe (n+f )' - o61qee ~ H C J I O  npa- 
BHXbHO HHTerpIIpYeMbIX C@~PH¶WKHX c @ ~ H ~ H B  Y~ JI,O IIOPRaKa n BKJIIO¶H- 
TenbHo, a N - nsmo Y~IIOB B KBa,qpaType c E e q J I e s m  Becam. f lns manpa- 
Typ C MHHHMaJibHMM rIECJIOM YIJIOB q + l  I Q H  IS+-=. K B ~ A P ~ T Y P ~ I  AJIR c@epbI 
COfleFXaTCA B paborax ['-'I: B I t ]  iIpHBeEeJXa KBaflpaTypa, HHBapHaHTHaR 
oTHocmeJrbao rpynnM ~ m a s n p a  n p ~  n=9 c q=25 / 24, B ['I - aHanomsHarr 
xBanpaTypa grn n = f 5  c 9=128 1183 m n 3 n o x e ~  MeTon nony.IeHarr KBanpaTyp 
C BCHMIITW~'HKO~~[ q+' / 3 IIPH n+ W, B 

1' KBaAPSTYPM HMeIOT aCHMIITOTHKy 
r)+'/3 IIpH n+W, B 1'' '1 COAePXHT- 
CH H3JIO?KeHHe MeTOAa IIOApf?HHH 

KsaRpaTyp c om06 nnasamrqef TO¶- 
KOE. ABTOPY HeH3BeCTHhI KBaAPaTY- 
~ E J  Tsna f aycca - Mapxosa rpynnEa 
GB* AAR n a g ,  BM¶HCJIeHHMe C 60nb- 
moB T O ~ H O C T ~ I O .  

Ha $mrype ~ d p a r r r e ~ a  onHa 1x3 

rpa~eiir G ;  3Be3n09KB 0603Ha9aIO~ 
qeHTpanbHHe npoeKqnLn Ha Q YSJIOB * 
(I). K a x ~ y r o  xaagpaTypp M ~ I  c ~ a 6 -  4 
WM y ~ a 3 a ~ a e ~ ,  y3nb1 K ~ K O P O  Tnna B 

~ e f  paccMwpmBaIoTcrr. Beca m y3nb1 AaHbI C 12 3Ha9amHMH ~ H @ P ~ M H  H B 

Bme @opwn, I I O ~ B O J I R ~ H X  B W I ~ ~ T L  HX c JXIO~& T O ~ ~ O C T ~ .  l - h ~ ~ r e ~ a ~ ~  
q ~ + p a  B Becax c ~ o p p e ~ m p o s a ~ a .  flax Y n p o ~ ~ H ~ H  BHAa W P M Y ~  B B ~ A ~ H ~ I  no- 
IIOJIHBTeAbHJ&! IIepeMeEHEJe, 3 ~ a s e m R  KoTOPbIX L t p ~ O ~ ~ c H ;  B ~~CTHOCTH, no- 
noxHM: t k = m k 2  H 

Hep~afI cTpoxa rcawoii ~ a 6 n q b 1  conepxm anpxopno HanaraeMbIe ~pe6o- 
3aHHR Ha THE KBaAPaTYPM. I 

n=9 

9.1: N,=O, A2=0, N=38, q=0.877, y 3 m  1, 4, 5 
u=1/ 6, p ,  =0.888073833977, qi =0.459700843381, 
A i = l  i f05=0.q0952380952387, As=9 / 280=0.032 1428571429, 

C1=l / 35=0.0285714285714. 



(3) 
26kl2 -- 688~1+  317 8 (z, .- T, f 1) z, = u =  13 (77T1 - 149) ' 1 4 3 ~ ~  - 1 1 7 ~ ~  + 103 ' 

- 4 0 9 ~ ~ ~ / 2  - 9 1 3 ~ , ~ / 2  + 6 2 7 ~ ~ 2 ,  + 3735r1/13 - , 4 6 5 ~ ~ -  2461126 
(4) A, = 6930 (z, - $ i 

B1 = 
- 4 (tz - '113) B - 4 (t1 - 7/13) 

31185~  (tl) (tl - t,) ' - &31185~ (1,) (tl - t,) ' 
(6) 
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B1 = 4 f 13t*t3 - 7 ( t 2  + t3) + 5)  
405405 (tl - t,) ( t ,  - t,) rp (t,) ' 

~ ~ M ~ T E M ,  ¶TO ecJ rH f(S) H H B a p H a H T H a  OTHOCHTeJIbHO O A H O ~ ~  H 3  rpyIIn np€!- 
06pa3oaamH S 3 ce63 - ~ E K X H ¶ ~ C K O ~ ~  no mod 2'; T e T p a a g p a ,  O K T a 3 g p a  HJIH 

Gs*, TO ¶HCJIO Y3JIDB Y q E E I e f l e H H b I X  K B a A P a T Y P  CYmeCTBeHHO YMeHbIIIHTCR; H a -  

npmep, ~ J I R  r p y n n M  GsC D a W a T y p a  17.1 6 y ~ e ~  c o g e p x a T b  anrub mecm 
y3JIos. 

M ~ T O A  nonynenaa AJIH C#JBPM R B $ ~ P ~ W  r H n a  raycca - h 4 a p ~ o ~ a  nm6oro 
I I O p R ~ K a  TO¶HOCTH 6we~ o n y 6 m ~ o s a ~  O T ~ W l b H O .  OH W H D B B H  38 HCIIOJIb3OBa- 

HHH TeOPeMbI  1 Ha ('1, COrJTaCHO KOTOP% OT K B a A p a T Y P b I  AOCTi%TO¶HO IIOTpe-  

60sa~b, ¶ T O ~ M  O H 8  6b1~1a T O P H a  3IEIlIb AJIB H K B a P H m T H I S C  OTHOCHTeJIbHO 

rpynm Gs' a r H o r o s J r e a o B  menem, H e  n p e s b a m m q e i i r  n, H cne~ymqefi AeMMbI. 

JI e M M a. Jlm6oii .wozouAett, ulcsapuun~n~ii  oTmcurenbno zpynna Gs*, 

npedcrasunr nu S e euae xmzou~celta or ~ , = r ~ ~ + x ~ a ~ + y ' z ~  EL a3=xZy%'. 
 TOT M ~ T O ~  c n p a B e -  H AJIH 6mee obrqero cnvan: K o r A a  J ( f )  B ( 1 )  

u M e e T  B H ~  



OGpa3ymme 6amc MHOrO¶JIeHbI B I IpMTpaHCTBe HHBaPHaHTHbIX OTHOCHTC?JIb- 

HO rpyrmbI G,' MHOrOWIeHOB A 0  17-f CTeIleHH yJ(Q6~0 BbIIIHCaTb B BEAe a,= 
=903-bzf 1, az=oz-gos, a,=ot, a&='/, ( 6 5 f i / 3 ~ 2  (1-402)), a5=16/5a1 
-02), a8=16/p03 (90,-3o~+~/~), a , = ( ~ ~ ~  (l-4os) -as (4+270s- 1802), as= 
= 4 / 3  ( i / 3 - ~ 2 )  ab, ( i / 5 - ~ 2 )  a s ,  aio=is2a7. 

6Ai -k 54 Bllr ( t ,  - '1~)' + 24C1(1 - 4u) = a,, 
k= 1 

24 5 Bdk (i - tk)2 (tk - l/,Y = 4. 24C,d (I - 4v) = a,, 
k=l 

CTeMbl, K 3WaPe DO peECeHEKl MC&M~HTH~IX CHCTeM ypaBHeHEfi ,  a UOCJIewIIR, 

X a K  HBBeCTHO, CBOAHTCP K PeIIIeHHIO CHCTeMbI J I E I H ~ ~ ~ H H X  y p a ~ ~ e ~ ~  OTHOCH- 

TeJIbHO OCHOBHHX CHMMeTPE¶eCKEX MHOI'O¶JIeHOB OT & H ZIaXOX~eHHH) 3aTeM 

BCeX K O ~ H ~ S  a~r€6paE¶t?C~0T.0 YpaBHeHHR IIOpRJJKa N , .  ' 

P~CCMOTPHM MeTOAbI PeII leHHR CHCTeM anre6pawecmx ~ ~ ~ B H ~ H E H  AJIR He-  

KOTOPhIX Ha lIpHBeAeHHF&X XBaAPaTYP; B OCTaJIbHIdX CJIygaRX CIIOCO~M peme- 
HHR ~ Y A Y T  aEtMOl'E¶HHMH. . 

Kswpa~ypa  m a  9.1: o n p e g e a l r e r  Ci a v ~3 2, 4-ro y p a ~ ~ e ~ ~ f i  (13), 
3aTead A, ,  A3 - E3 1,3-M Y P ~ B H B H ~ .  

Ksanpaqpa mna 11.1: o u p e g e n l r e a 6  B, H ti ~3 4, 5-ro y p a ~ ~ e ~ H i i ,  A,, Az, 
As - H3 1,2,3-r0 Y P ~ B H ~ H ~ .  

IC~a~paTypa Tma 13.1: oqwAexaex Bi H t ,  1i3 5, 6-ro y p a ~ ~ e ~ d ,  Ci, v - 
H 3  4,7-r0 y p a ~ ~ e ~ ~ k ,  A,, A z ,  As - SXB 1,2,3-r0 y p a ~ ~ e ~ ~ f i .  

Ksama~ypa THUa $5.1: HCKJIIo¶i% Bi E Bz a3 8-r0 YpaBHeHEH (13) C no- 
bi04bIo 5, 6-r0 y p a ~ ~ e F I l 6  (13), IIOJIJTaeM J I m H e f i ~ o e  YpaBHeHHe OTHOCHTeJIb- 



EO CHMMeTPWeCKHX G Y H K ~ H ~  TiEtl+tz, Tz=titz. AH~JIOFH~BO, HCRJIIO¶aR Bi, 
B, 113 2 H 4-170 y p a ~ ~ e ~ ~ 8 ,  H ~ H T M B ~ R  7-e ypamemre, nomaeM ypaBHeHHe 
BTOPOE CTeIIeHH OTHOCHTeJibHO Ti, '62 H CXIOPMYJI~I AJIR Ci H V ¶epe3 Ti, 7 2 .  

T ~ R H M  o6pa30~, H ~ ~ A R  "ti HJIH Tz H3 PeIUeHHR KBaApaTHOrO ypaBHeH+TR, OIIpe- 

flemeM C,, v, a s a ~ e ~  ti, tz - ~3 (5) ; B,, Bz onpeAenmoTcFi ~3 5, 6-ro ypaBHe- 
H H ~ ,  a A,, A3 - H3 1 H 3-r0 Y P ~ B H ~ H H ~ .  

H ~ a n p a ~ y p a  T m a  17.1: ~3 7, 10-ro y p a ~ ~ e ~ ~ i i :  (13) onpeAenReM Ci zi v, 
H3 6,8, 9-1-0 ~ ~ ~ B H ~ H H E  IIo~iy¶aeM, HCKJiIo¶aR H3 HHX Bi, Bz, BS C IIOMOqbH) 2, 
4, 5-I?O Y ~ ~ B H ~ H H ~ ,  J I E ~ H ~ ~ H Y I O  CHGTeMY 3-r0 UOPqAKa AJIR OIIPeAeJIeHHR T1= 

=t;+tzf t3, T2=tit2+tit3+t2t3, T3=tit2t3. Pe111aq YpaBHeHHe ( lo) ,  HaXOAHM ti, 
1 2 ,  ts, H3 2, 4, 5-r0 ~ ~ ~ B H ~ H H G  (13) HaXOHHM Bi, B2, B3 H3 1, 3-I'0 Y ~ ~ B H ~ H H ~  

oqeAeJIRed di, A3. 
I I O C K O ~ ~ R ~  p (s) =I EiMeeM a,=2 / 7, a2=4 / 35, a3=1 / 105, a&= 

=I6 / 945, a5=25 / 10395, a6=2' / 405405, a7=2' / 15015, as=z9 / 1216215, 
ae=213 / 62026965, ai0'2~ / 85085, TO, CJleAyR H3JIOXeHEJJM MeTOAaM PeIUeHHR 

CHCTeM Y P ~ B H ~ H H ~ ,  IIOJIJ.'¶aeMEAJIR OIIpeAeJIeHHII BeJrwHH A,, Bi, Ci, Ti, V @0p- 

adyJILI (6) - (11). ~ocKoJI~KY CYIQeCTBYeT MHOrO4JIeH 18-r0 IIOpHAKa 03U7 Ta- 

HKOCa3Apa C 5I~~epcEieP; DO CpaBHeHEH, C UOJIy¶eHHbIMH, TaKHe KBaApaTypbI 

G0,QepXaT 6osbnree ¶HCJIO y3JIOB. N ~ J I O X ~ H H ~ I M  MeTOAOM MOXHO IIOJIYgaTb H 

RBaApaTypbI THIIa raycca - MapRosa AJIH m-MepHbIX C&?p E 06nac~e6, HHBa- 

TI p E M e 4 a H E e n p E K o p p e K T y p e. h m p y  cTana HssecTHa ~o~orpadisr r  
A. N. Stroud. Approximate calculation of multiple integrals. New Jersey, Prentice-Hall. 
Englewood Cliffs, 1971. B ~ e f  ecTb KsaEparypbI EJIR c Q e p ~ .  
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