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Abstract

A new gain model based on a adiabatic self-similar solution of the hydrodynamic equations is proposed for
deuterium-tritium fusion capsules ignited by means of a thermonuclear spark at the fuel center. The model is applied
to analyze gain curves that correspond to fixed values of the implosion velocity U~m-It is shown that the threshold
energy investment into the fuel required for ignition scales as Ef, min ~ ~ 3U77 for capsules with initially thin shells, i.e.
when the initial aspect ratio Ao >> 1. In the opposite limit of initially thick capsule shells, the scaling of Ef, min with the
entropy parameter ~ and the implosion velocity Uim, and that of the limiting fuel gain G~ with Ef become ill defined;
nevertheless, a fair agreement with the Livermore results is observed for ~ values between 1 and 2, and Uim ~ 4 x
10 7 c m s -2.

I. Introduction

The prospects for inertial confinement fusion
(ICF) are often discussed by invoking the plots of
the target energy gain G versus the input driver
energy Edr. Alluding to sophisticated numerical
simulations, the Livermore group has quoted the
scaling Edr,minOco~l'SUim5for the ignition energy
threshold Edr,min as a function of the implosion
velocity Uim and the cold fuel entropy parameter
7, and G*ocE°'r 73 for the limiting gain G* [1].
These scalings differ significantly from the relationships Edr,min~ 0~3U~-m10 and G* ~: E°~ 32 established in the framework of the isobaric gain
model, based on the analysis of the deuteriumtritium fuel states at the time of stagnation [2,3].
The semi-analytical gain model proposed here
is also based on the analysis of the assembled fuel
configurations and includes three new features: (i)
it employs a self-similar solution of the hydrody-

namic equations to approximate the density and
pressure profiles in the imploding fuel near the
time of ignition; (ii) it incorporates an adequate
scaling PsRsTs ~: Uim for the product of the spark
areal density psR~ by its temperature Ts at the
ignition threshold - - as contrasted to fixed values
of p,~Rs and T~ used by the most of the previous
authors; (iii) the constraints that result from the
drive asymmetries and hydrodynamic instabilities
are taken into account as certain fixed values of
the capsule radial convergence ratio Co and the
fuel shell in flight aspect ratio Ac. It should be
noted that Atzeni [4] and Meyer-ter-Vehn et al. [5]
have already attempted to incorporate the asymmetry and instability constraints into the isobaric
gain model and, as a consequence, found an
improved agreement with the Livermore results.
However, in contrast to the present work, these
authors assumed fixed values of the initial rather
than the in flight aspect ratios of the fuel shell.
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As a consequence of the new elements listed
above, our model predicts the scalings Edr,min
oc 0dUTm7 and G* oc (Edr/~3)°4, provided that a fixed
coupling efficiency between the driver energy Ed~
and the fuel energy E f i s assumed. The scalings apply
in the most favorable case when the initial thickness
of the fusion capsule is small compared with its
initial radius (the initial aspect ratio Ao >> 1). In the
opposite limit of initially thick capsule shell, the
scalings of Ed~.minwith Uim and ~, and of G* with Ed~
and ~ become ill defined; neverthless, a fair agreement between the predictions of the present model
and the recent Livermore results [1] is observed for
initially thick capsule shells in a limited range of
parameters, at the values of ~ somewhere between
1 and 2, and Uim ~,~ 4 x 107 cm-- ~ s.

Here, R m is the fuel radius at the time of stagnation
t = 0, and U.~ is the implosion velocity of the outer
fuel edge in the limit of t --+ - vc.
For subsequent calculations, we adopt the dimensionless density profile co({) such that (i)
the fuel density is constant over the central hot spot
0 < ~ < ~s, and (ii) the cold fuel layer at ~, <
< 1 has a constant value of the entropy parameter
- P(t, r)/Pdeg(t, r) oc P i p 5..3,where Pdeg[Mbar] =
2.18 (p [g cm - 3])5/3 is the cold pressure of the degenerate electron gas in a fully ionized equimolar D T
mixture of density p. Combined with Eq. (5), the
latter two conditions lead to the expression

1,

O<~<¢s
~'~

co(~) =

1-2
2¢s

5 (1 - g2)s/2 (1 -

~ 2)3/2,

~ < ~< 1

2. Fuel parametrization
To obtain a suitable parametrization of possible
DT fuel configurations near the time of ignition, we
invoke the self-similar solution
r = ~R(t)

(1)

u(t, r) = k~

(2)

p ( t , r) = po(t)co(~)

(3)

which describes a homologous adiabatic contraction (expansion) of a gaseous sphere of radius R ( t )
with a prescribed entropy distribution over the mass
coordinate. Here, ~ is the self-similar variable, ~o(d)
is an arbitrary function that defines the DT density
(or, equivalently, entropy) profile over the mass
coordinate, and
f2 =

f0

_~o) de

(5)

is a dimensionless constant. One can readily verify
by a straightforward substitution that Eqs. (1)-(4)
satisfy the equations of one-dimensional hydrodynamics for spherical motions of a gas with an
adiabatic index of~, provided that the combinations
p o ( t ) R 3 ( t ) and Po(t)/p~/3(t) remain constant, and
R ( t ) = (R2m_~ Uo:t
2 2) 1/2

(6)

(7)
which was used in all the calculations below.
Here, it should be emphasized that the adiabatic
solution of Eqs. (1) (6) is employed to approximate
not the entire process of the fuel implosion but,
rather, its motion during a short period just prior to
ignition, within which the effects of non-adiabatic
process do not have time to accumulate and cause
serious flow distortions.
In the framework of our scheme, the D T fuel
configuration at the time of stagnation (t = 0) is
fully specified by the values of the parameters in
Table 1.
The velocity U~ in Eq. (6) differs from what is
usually meant as the implosion velocity Uim. We
relate U,m to U~.,by assuming that the kinetic energy
of the cold fuel in the limit t ~ - o o is 2McUim,t
2
where Mc is the cold fuel mass at 4s < ~ < 1. As a
result, one calculates
Table 1
Parameters used in present framework
Uim(107 cm s -I)

T~ (keV)
H~ ~- p~R~ (g cm -2)

= P/Pd~g

~,; = Rs/Rf

the implosion velocity
the central spark temperature
the spark (pr)
the entropy parameter
the fractional spark radius
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Fig. l. Dimensionless functions AM(~, _~), AE(~, ~),
AH(fL ~), qJM(fL ~) and q~e(Q, ~ ) plotted versus fractional
spark radius ~ for two values of Q: , ~q = 1;
, f~ = 2. In
both cases, AM coincides with AE, and WM coincides with q~
within the thickness of corresponding curves.

\3 q~Z}

Ts ~

0 = 2 . 9 U~.2m-'-~-

(8)

Here, AM(n, ~s) and AE(n, ~ ) are analytical functions of f~ and (~ (for more details, see ref. [6]),
whose dependence on ~,, is shown in Fig. 1. These
functions depend very weakly on n and practically
coincide with one another in the parameter region
of interest here; they both achieve minima AM,mi n
AE,mi n = A M ~ 150 at ~s ~ 0.34.
If we now assume as has often been done in
simple gain models based on the analysis of the fuel
states near ignition that the ignition threshold is
defined by a certain fixed value H~ T~ = (p RT)0 of
the spark <pRT), which is independent of the other
parameters (Table 1) of the model, then we draw the
following conclusions from Eqs. (12) and (13):
(i) the most economical regime of ignition, where
one can ignite a maximum fuel mass Mr for a
given energy Ef, occurs at ~ ~ 0.34, where
AE(_gs) is a minimum;
(ii) the ignition threshold for the energy Er invested into the fuel scales as Ef, m,1 oc ~3U;m~°p
exactly as was derived by Murakami and
Meyer-ter-Vehn [3] in the isobaric approximation.
1

where
rt/2-arcsin~s
~ 8 ~ s4 - 1 4 ~ 2 + 3
~bM + 3
(1 - -= 2 1 5 ' / 2
(1 -- 4~) 2

E

g

(9)
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In terms of our basic parameters in Table 1, the
fuel density in the spark region is
( 1 - - ~ : s )2' 5/2

U5m

P'[g cm-3] = 8'36~3/2---T- 1

-- ( 2 n )

-i

2

0.1 : - ~

- -

~s ~'k~ E /

while the total mass Mr and the energy Er of the
fuel are given by

Er[kJ] = 813 ~3(H'Ts)3
Ui, O

AE(Q, ~s)

I

/

(~bM" ~ 5'2

(11)

Mr[mg ] = 163 °~3(HsTs)3
U~m
2
AM(n, ~s)

t

b',

(12)
(13)

\

s 6 7 8910
20
3'o
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Fig. 2. The full curves show three ignition boundaries for
spark parameters as defined by Eq. (17) for three different
values (0, 4, and 8) of the right-hand side of this equation (in
units of 107 cm s ]). To the right hand side of the dashed
curve b, the alpha-particle heating Q= exceeds the
bremsstrahlung cooling Qbr- Above the dashed curve c, the
alpha-particle heating Q~ exceeds the heat conduction cooling
Qo,.
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Fig. 3. Gain curves calculated for three implosion velocities
with one-dimensional code DEIRA,by varying H~ for fixed
T~= 7 keV and ~ = 0.33. Also shown are the analytic results
(-..) obtained with the aid of the ignition condition of Eq.
(18), and the limiting fuel gain G* (------).
A major disagreement of this latter scaling with
the Livermore results is in the value of the Uim
exponent; according to the refs. [1,7], this exponent must be - 5 instead of - 1 0 . In the next
section, we demonstrate that this disagreement is
largely explained by inadequate use of the fixed
value of H~ Ts as the ignition condition.
The physical reason for the inadequacy of the
= constant ignition condition can be inferred from the expression

H~T~

HsTs A
Hc[gCm 21= 5.43 U~-2
m H( , 4s)

(14)

for the areal density H~ of the cold fuel in terms
of the basic parameters of Table 1. Here, An is
another analytical function of 92 and ~s, which
depends very weakly on 92 and whose dependence
on ~ is illustrated in Fig. 1. Eq. (14) shows that
the cold fuel ( p A r ) - - a n d hence, its tamping
effect for the inertial confinement of the fuel
assembly--decreases with increasing Uim. Therefore, one would expect that the ignition threshold
for higher implosion velocities should correspond
to higher values of the product H~Ts.

3. Ignition criterion and basic scaling
relationships
First, from Eq. (6), we readily infer the effective

For the DT fuel in the spark to undergo a
thermonuclear flare, the net energy release
during the period of confinement should become at least comparable with the initial energy
content in the spark region. Assuming fiat temperature and density profiles across the spark
region, and taking into account the relevant
heating and cooling mechanisms, we can approximately express this condition in the form
of the following local relationship at the spark
center:
(Q~ - Qbr -- Qec)A/c ~> 3(riD -+-nT + ne)T~

(1 6)

where,

Q~[erg
cm 3 S 1] = 8.18 x 104°jc~p2
(O'V)D T is the alpha-particle heating rate (p~ is in

g e m -1 and (trv)Da-in cm 3 s); Qbr and Q~ are
respectively the bremsstrahlung and the electron
heat conduction cooling rates; and f~ is the reduction factor that results from escape of alpha particles. For subsequent discussion, it will be
convenient to rewrite Eq. (16) in the form

3

4.33 x 1018f~ @V)DT
( 1 T

~,~ eim~s

QbrQ~QeC)H~T
~Q~j
(17)

Next, we notice that the left-hand side of
Eq. (17) is a function of Ts and Hs only (as
long as the weak dependence of Coulomb logarithms on p s can be ignored), while its righthand side depends exclusively on Uim and ~.
Thus, for any pair of the Uim and ~s values,
Eq. (17) defines an ignition boundary in the
Ts, Hs parametric plane (full curves in Fig. 2).
Ignoring for the moment the weak function
( ~ M / ~ E ) 1/2, w e can distinguish two limiting
cases with respect to the values of the product
Uim~s, i.e. the limit with Uim~s<< 107 cm s -~
and that with Uim(s >> 107 cm s -~. In the limit
of prolonged confinement, when U i m ~ s < < 1 0 7
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cm s -j, the ignition criterion of Eq. (16) becomes
independent of the confinement time Atc. The
resulting ignition boundary (shown as curve 0 in
Fig. 2) is defined by the static condition Q~ =
Qb~ + Q~ and has two branches: a radiative
branch, approaching the dashed curve b along
which Q~ = Qb~; and a heat conduction branch,
approaching the dashed curve c along which
Q~ = Q~. The minimum value of the product
HsT~ along curve 0 corresponds to an absolute
ignition threshold with respect to the spark
( p R T ) value, which applies in the limit of
Uim~s = 0 .

In the opposite limit of high implosion velocites, i.e. Uim~s >> 107 cm s -l, implying short confinement times, the ignition criterion of Eq. (16)
becomes strongly dynamic and is controlled primarily by the finite confinement time Ate. In Fig.
2, it is clearly seen that the threshold values of
lisTs calculated along the ignition boundaries
with high values of U~ ~ (curves labelled as 4 and
8) move up and away from both the radiative
(dashed curve b) and the heat conduction (dashed
curve c) brances. Hence, the ignition threshold in
the inertial limit of Uim(s >> 107 cm s -~ can be
evaluated by assuming Qb~ << Q~, Q~ << Q~, and
asymptotically--as one readily verifies from Eq.

573

(17)--the threshold value (pRT)o becomes
directly proportional to the product Uim~s(~)M/

~E)1,,2.

.~

Clearly, the above analysis based on Eq. (16) is
only semi-quantitative. To find out precisely what
ignition regime pertains to situations of practical
interest, a series of one-dimensional hydrodynamic simulations, starting at the time of stagnation, has been carried' out with the onedimensional three-temperature code DEIRA,
which includes all basic physics relevant for spark
ignition. The intial state of the DT sphere in each
numerical run was assigned according to the selfsimilar solution of Eqs. (1)-(6) at time t = 0 .
These simulations have unequivocally demonstrated that, for spark temperatures 7 < Ts < 12
keV, the ignition threshold (pRT)o is directly
proportional to the implosion velocity Uim, when
Uim ~>3 × 107 cm s -l and ~s >0.25. On evaluating the proportionality factor from the numerical
simulations, we arrive at the ignition criterion
T~ ~ 7 keV
H~T~[g cm- ' keV] ~ (pRT)o
~ 1.4Uim~s(~bM'] '/2

(18)

Uj

In other words, within the parameter range of
interest here, the ignition criterion is controlled by
the finite confinement rather than by the bremstrahlung and heat conduction losses from the
thermonuclear spark.
On substituting the ignition threshold for H~ Ts
as given by Eq. (18) into Eqs. (12) and (13), we
obtain the following expressions for the minimum
mass and energy of the DT fuel that can be
ignited at a given implosion velocity:

,;'L.-.'I.., I/..
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Fig. 4. Three families of gain curves calculated with the DEIRA
code for three values of the entropy parameter ~. Each gain
curve has its own value of the fractional spark radius (s
calculated from Eqs. (25) and (26) for fixed values of the fuel
in-flight aspect ratio Ac = 30 and the capsule convergence ratio
CO = 30. For different values of ~, we obtain different scalings
of the limiting fuel gain G~ with the input energy Ef (dashed
lines).

(19)

0~3

Ef.min[kJ] = 2.23 x 103 U--~7m~E(f2, ~s)

(20)

The analytical functions ~M(I), ~ ) and ~E(Q, ~s)
(for explicit expressions, see Ref. [6]) are shown in
Fig. 1. They practically coincide with one another
and depend only very weakly on f~. It should be
noted that, in realiy, the ignition threshold Ef, min
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does not increase monotoncially with ~ , as is
shown in Fig. 1; instead it has a minimum at
~ - ~ 0.3, because the ignition condition of Eq.
(18) becomes inadequate at ~ ~ 0.2.
Eqs. (19) and (20) represent the scaling laws in
the most favorable case, governed exclusively by
the thermonuclear ignition physics, when no additional constraints from, say, the hydrodynamic
instabilities, fuel preheat, etc., are imposed on the
fuel implosion. As shown in Fig. 3, these relationships are very well confirmed by the one-dimensional simulations and lead to the following
scaling of the limiting fuel energy gain:
G* ~ (Ef/~3) °'3~'

(21)

Although this result is hardly distinguishable from
the G)~ scaling obtained by Meyer-ter-Vehn [2] in
the isobaric model, the scaling of Eq. (20) is quite
distinct from the Ef, rnin ~ ~3U~ml° law derived by
Murakami and Meyer-ter-Vehn [3] within the
same isobaric model.

4. The effect of instablility and asymmetry
constraints
Here, we consider how the basic scaling relationships in Eqs. (19) (21) are affected by additional constraints from the Rayleigh Taylor
instability of ablative acceleration and the largescale non-uniformities in the driving pressure. To
perform the necessary estimates, we have to make
certain assumptions for the implosion scheme.
Considering fusion capsules driven by thermal
X-rays, we assume that a D T shell of mass M c in
the initial solid state is surrounded by an ablator
of mass M~. Let R0 be the initial outer radius of
the ablator and R~ the initial inner radius of the
solid DT shell. Let us also suppose that the
implosion occurs in the hydrodynamically most
efficient way, i.e. all the ablator mass is evaporated by the end of the implosion and the hydrodynamic efficiency is near its maximum value.
We shall distinguish two phases of the implosion: the prepulse phase and the main pluse phase.
In the prepulse phase, the driving pressure rises
from its initial level to the peak value in such a
way as to set the D T shell on the required isen-

trope with a given value of the parameter ~. It is
assumed that, by the end of this phase, the inner
edge of the fuel shell remains at practically its
initial position r = R~.
To relate the value of R1 to the fuel parameters
at ignition, we assume that the D T shell--which,
by the beginning of the main pulse, has been
compressed to a thin layer with A r = R I / A c < <
R~--attains its implosion velocity Uim after it has
been accelerated during the main pulse phase with
a constant acceleration g = UZm/R~ over one-half
of its initial radius R~. From this, we calculate
. 1,'2 ~ a r l / 3

Rl[mm ] =0.136Ac5/6 ~

~V*c

u~m

(22)

where Ac is the in-flight aspect ratio of the initially
solid D T layer measured at the onset of the main
pulse. Mc is in milligrams.
The Rayleigh-Taylor instability at the ablation
surface imposes a limit on the in-flight aspect
ratio of the ablator shell (Aa; as measured at the
onset of the main pulse) [8,9], whose rupture we
want to avoid. To relate Aa to Ac, we make the
further assumption that, during the main pulse,
the ablator material obeys the same equation of
state, i.e. P = Kotp 5/3, as the compressed D T shell.
This assumption is based on the observation that,
on the one hand, the adiabatic index of low-Z
elements becomes close to ~5 at pressures P -~ 100
Mbar and, on the other hand, one would prefer to
have no density jump at the fuel ablator interface
during the phase of fuel acceleration. A smooth
density transition across the fuel-ablator interface enables one to combine the hydrodynamic
stability of this interface with a maximum possible
thickness of the ablator for a given value of its
mass. It should be noted that the properties of
realistic ablators may come close to but not quite
reach the ideal case assumed here. As a consequence, we find that
Ac = Aa[(1 + M'~/Mc) 2/5 - 1] ~ A a

(23)

provided that the ablator mass at the onset of the
main pulse has its optimum value M.~-~ (4 5)Me
[10]. Hence, in what follows, we do not distinguish between A~ and A c, and assume an upper
limit of A~ = Ac = 30 [9].
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Taken alone, an upper bound on the in-flight
aspect ratio Ac implies a lower limit on the driving
pressure and an upper limit on the initial fuel
radius R~, but does not affect the scaling laws of
Eqs. (19)-(21). The situation changes, however,
when we take into account a limit on the radial
convergence ratio. In our case, it is convenient to
introduce two convergence ratios, i.e.
Ro
C,, = ~ , ,

Ri
C, = R~

(24)

where R~ is the spark radius at ignition. Non-uniformities in the driving pressure associated with
low angular modes impose an upper limit of
30-40 on possible values of Co [9]. For simplicity,
we assume that this limit does not depend on
other implosion parameters. From Eqs. (22) and
(24), we calculate

Ac5/6 I-(1 _ ~2~,h q5/6
~'WM/
C, = 0.622 ~ , l

L

A

(25)

Co : C,[1--F(I-}-bac)( 11"2"~5'2 U3m']'"3
k~c/

3/----~A
~

(26)

In Eq. (26) it is assumed that the initial solid
D T density is 0.224 g cm 3 and b~c is the ratio
between the initial ablator and the solid DT volumes. In numerical estimates, we used the value
b~ = l, having assumed that, with allowance for
the partial evaporation during the prepulse phase,
the initial ablator mass is M, -~ (7-10)Me, while
its intial density is higher than the initial solid DT
density by approximately the same factor. The
two cnvergence ratios Co and Cl practically coincide when the initial thickness R o - R ~ of the
fuel-plus-ablator shell is small compared with its
radius R~, or, in other words, when the initial
aspect ratio Ao = R~/(Ro - R~) >> 1. It seems that,
in the opposite limit of initially thick target shells,
one should distinguish between Co and 6'1A remarkable fact is that the ratio C~/ASc/6 is a
function of ~s only. For ignition at stagnation,
fixed values of C~ and Ac imply a fixed value of
~ . From this, we conclude that the scalings of
Eqs. (19)-(21) are not affected by the constraints
of the hydrodynamic instabilities and drive asymmetries when the inital aspect ratio of the fusion
capsule Ao >> 1. In the opposite case of initially
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thick capsule shells--a typical case for ignition at
low values of E l - - w e should assume fixed values
of Ac and Co. As a consequence, ~s becomes an
increasing function of the ratio U2m/~. Since udE in
Eq. (20) is an increasing function of ~s (see Fig.
1), we obtain a weaker dependence of El, rain on
and U,m than that indicated by Eq. (21). Unfortunately, no well-defined power-law scaling can be
established for ELmin and G)~ in this region, partly
because the second term in parentheses in Eq. (26)
is not a power law.
This is clearly illustrated by Fig. 4, where three
families of gain curves, calculated with the DEIRA
code for three different values of ~, are plotted.
The only difference from the DEIRA curves in Fig.
3 is that each gain curve is now characterized by
its own value of the fractional spark radius ~s,
calculated from Eqs. (25) and (26), to keep Co =
A, = 30.
From Fig. 4, we infer that the scaling of ELmin
with Ulm, and of G~ with Ef changes from
Ef, mi n ~: Uin3-6 and
G~' ~ E ./°v8 for c~= 1 to
E l ,min oc U i d "9 a n d ,_,f
~* ~
"- ,~f
r-0.44 for ~ = 4. Also, the
scaling of Ef, min with ~ changes from Ef, min oC 0~2-3
for U i m = 3 X l 0 7 cm s --~ to Ef,m m ~ 14 for
Uim : 5 )< 10 7 cm s 1. To compare these results
with the Livermore scaling, it should first be
noted that, in different Livermore publications,
the reader finds rather different formulas:
3
6
4
5
Ef, min oc 0~ Uim in Ref. [11], Ef,min oC ~ Uim in Ref.
[7] Ef, minOCo~lsUid in Ref. [1]; the scaling of
G*t o : E 2/3 in refs. [7,11] to G ~ E °73 in refs.
[1,12]. In light of the above discussion, the most
natural explanation for such a scatter would be
that the Livermore results refer to initially thick
shells, for which no well-defined power-law Scab
ing can be established in general. A reasonable
agreement between the predictions of the present
model and the most recent scaling quoted by
Lindl [1] is observed for values of c~ somewhere
between 1 and 2, and Uim ~ 4 × 107 cm s
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